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The two-dimensional  problem of the stability of the flow of an incompress ib le  fluid over  a 
r igid surface per turbed  by a wave t ravel l ing in the propagation direct ion of the flow is dis-  
cussed in the l inear  approximation. The problem is solved in the coordinate sys tem at r e s t  
with respec t  to the t ravel l ing wave. The pa rame te r s  of this wave are  not eigenvalues of the 
corresponding l inear  problem of the stability. The solution is sought in the fo rm of a s e r -  
ies in powers  of the wave amplitude with an accuracy  out to the quadrat ic  t e rm inclusively. 
Calculations are  made of the dependence of the neutral  stability curve  on the amplitude, 
wavelength, and phase velocity. 

1. Dimensionless  quantities are  used, and u 0 (the velocity of the advancing flow) and 6" = 1.73~fvu0/X ', 
where X is the distance f rom th~ origin of the plate and v is the kinematic viscosi ty ,  served  as the scales .  
The discuss ion is conducted in the coordinate sys tem at r e s t  with respec t  to the t ravel l ing wave; therefore  
the coordinate of the wall has  the fo rm 

y = e cos [~x, (I.I) 

where y, x are  the normal  and longitudinal coordinateS,  respect ively ,  s is the amplitude, and fl is the wave 
number.  Let  us introduce the following coordinates:  77 is the s t r eam function and } is the potential of the 
corresponding nonviscous problem,  i.e.,  

The Lain6 coefficients [1] are  

Aq: = 0; ~l = 0, y = s cos gx; y -~  c~, Oq/Oy ~ t .  

h~: = h~ 2 = h = t ~- 2e~ cos ~ ~ e -~n ~- 0 (eg)_o. 

The l inear ized  equation for  the s t r eam function of the per turbat ion r has  the form 

(1.2) 

o a ,  . o (~ ,  har O(ha~, , )  ~(har 
(1.3) 

in the new coordinates ,  where t is the t ime and Re is the Reynolds number.  

The coefficients in Eq. (1.3) are  per iodic  functions of } and do not depend on t. Therefore  we will 
seek the solution of (1.3) in the form 

r = ep~(~, ~) 

Accord ing  to [1], the s t r e a m  function of a steady flow is of the fo rm 

II~ ---~ ~ (U --  C) d~ ~- 8 (IIYll -~ llY_ll ) ~- E2 (~is • ~22 + Iu -~- O (B3), , 

(1.4) 

(1.5) 

where the f i r s t  subscr ip t  denotes the harmonic  number,  u is the Blasius velocity distribution, and c is the 
phase veloci ty of the wave t ravel l ing over  the wall. Substituting Eq. (1.4) into Eq. (1.3), we write the problem 
obtained in the form 
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L~ = s(e- i~tI-q)  + e ~ H . ~ )  + j-Mqo + 0(~).  (1.6) 

The  f o r m  of L,  H_, and H+ i s  d e t e r m i n e d  b y  Eqs .  (1.2), (1.3), and (1.5). Since the e i g n e v a l u e s  of  the o p e r -  
a t o r  L a r e  s i m p l e  [2] the so lu t ion  of Eq.  (1.6) will  be  sought  in the f o r m  [2], 

P : ~ P'~ ' *~ ~ (~'~' cP~ = ~ (1.7) 

Grouping  t e r m s  of iden t i ca l  h a r m o n i c s  and p o w e r s  of s in (1.6), we obtain  the s y s t e m  of equa t ions  

T (a,  Po) %0 =: O, T (a, Po) q~o~ = P~ Re - -  a'~ q~oo~ 

T (:~ -~ [t, Po) r = e ~ a ~ H y e •  ( o )  
r (ct, Po) %~ = po. Be ~ - -  a ~ %0 + e-~(~+P)~H-e~(~+t~)~tP~z 

+ e-~(~-~)~H+e~(=-'~)~q)_zz + Mo%o, 

(1.8) 

w h e r e  T ( a ,  p) i s  the O r r - S o m m e r f e l d  o p e r a t o r .  F r o m  the condi t ion of  so lvab i l i t y  of  the s y s t e m  (1.8) we 
obta in  a c o r r e c t i o n  to the e igenva lue  with an a c c u r a c y  up to  s2 

i 
' rt 

P t  : 0.  l l2  -'= ~ - ~ e  
o 

( 1 . 9 )  

(• is  the e igenfunc t ion  of the o p e r a t o r  con juga te  to the O r r - S o m m e r f e l d  o p e r a t o r ) .  

2. We will  i n t roduce  e x p r e s s i o n s  fo r  the o p e r a t p r s  e n t e r i n g  into Eqs .  (1.7), 
( ~ ( ~ "  ,,) o (~ 'vn,)  

H_ = Be p,j_\ o (n, ~-) o in, ~ + i~2e-t'n A 

M,..: :Be on og 0q ~ ' 

g _  = g ~  + I l e  (P0 - -  Po)  ~ ,  
w h e r e  

O 2 O" S A = 0g--- ~-+  0q2, ~go= ( u - - c )  dll; e-~n / e{6~ ~1=  = ( Y  + (u  - -  c)  ~--g--]  . 

H e r e  F is  the so lu t ion  of the p r o b l e m  [1] 

e -~ l l  ( U  IV 9 ~J/x il3 Be ((u - -  c) (1:" - -  ~"F) - -  u"F) = A2F -I- '--g---- - -  -lgu ),: 

F (0) ~ ~ ' = :5 ,  F ' ( 0 )  = - -  7 (u  (0 )  - -  ~c),, ~ = oo, F ---- F '  = O. 

The  p r i n c i p a l  t e r m  in @02 is  d e t e r m i n e d  f r o m  the equa t ion  

f o r  rl = 0, ~02 = ~I'~2 = 0, and f o r  77 = " ,  ~ '2 -- r = 0. 

3. One can  d e t e r m i n e  the r e g i o n  of app l i cab i l i t y  of the compu ta t i ona l  p r o c e d u r e  be ing  u sed  by  a n a l y z -  
ing the b e h a v i o r  of  the s e r i e s  "(1.5). Since the c a l c u l a t i o n s  a r e  p e r f o r m e d  f o r  v a l u e s  of  fl and o c l o s e  to  the  
e igenva lue  of the O r r - S o m m e r f e l d  o p e r a t o r ,  one should  judge  the b e h a v i o r  of  the s e r i e s  f r o m  the r a t i o  of 

~'13 to  ~ l i :  

_Xc (0~ 0~1~ _ ~2) efooZd~l Ac 
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�9 fO o / / ,  

0,24 0,2~ 0,32 e 
O, 1 ~ 4  

5 10 ~ 2.fO ~ Re 

F i g .  1 F i g .  2 

,) n 
'f Ycs l '  ~2 

Re i Yz~ dq • %od~l' �9 ~o'- ~ 21~ ""~ ' ~ 21~aRe + ' ~ 

1i?13 N ~1~00 S . . . . .  -. ( ~,2 ' 2~4 lqe YeSu.6 ~'11~oozd,l:~c t ~ - -~" )  %oZd~l N A~' %0. 
oo _~o 

I t  w a s  a s s u m e d  in  the  c a l c u l a t i o n s  t ha t  ~o~0 ~ X' ~ 1. The  s c a l e  of  t h e s e  func t i ons  i s  Yc = 2.5{fl Re  u ' )  - t / a  
I t  f o l l ows  f r o m  the  e s t i m a t e s  g iven  t h a t  the  p r o c e d u r e  b e i n g  u s e d  i s  s u i t a b l e  in the  r e g i o n  in  which  the  i n -  
e q u a l i t y  

[3l. 

5001~(eu')~/Ac a Re << i (3.1) 

i s  s a t i s f i e d .  H e r e  A c  i s  the  d i s t a n c e  f r o m  c to  the  e i g e n v a l u e  of  the  O r r - S o m m e r f e l d  o p e r a t o r ,  and /3 and 
r a r e  p a r a m e t e r s  of  t he  wave  (1.1). The  o r t h o g o n a l i z a t i 0 n  me thod  [4] w a s  u sed  in the  n u m e r i c a l  i n t e g r a t i o n  
of the O r r - S o m m e r f e l d  equa t ion .  The  d e p e n d e n c e  of  the  c o r r e c t i o n  to  the  r i s e  c o e f f i c i e n t  P2 on the p h a s e  
v e l o c i t y  of  wave  p r o p a g a t i o n  on the wa l l  i s  r e p r e s e n t e d  b y  the  so l id  c u r v e  in  F i g .  1 f o r  a s p e c i f i e d  T o l m i n -  
S e h l i c h t i n g  wave ,  and the  d e p e n d e n c e  of  , 2 I ~ t t  I m a x  on c i s  d e p i c t e d  by the  d a s h e d  cu rve .  T h e s e  r e s u l t s  c o r r e -  
spond  to the  l o w e r  b r a n c h  of the  c u r v e  of n e u t r a l  s t a b i l i t y  f o r  the  v a l u e s  Re = 1450, [3 = 0.141,  and ~ = 0.142.  
A s  i s  e v i d e n t  f r o m  F i g .  1, the  e f f e c t  of wa l l  c o r r u g a t i o n  on the s t a b i l i t y  i s  m a i n l y  r e l a t e d  to  a v a r i a t i o n  of the  
c o n t r i b u t i o n  to  t he  b a s i c  s t e a d y  f low.  Some i n c r e a s e  in  the  e f f e c t  i s  c a u s e d  b y  a sh i f t  of the  m a x i m u m  of 
I~ ] l l  in to  the  r e g i o n  of  the  c r i t i c a l  l a y e r .  F o r  c = 0 the  c o r r e c t i o n  to  the  r i s e  c o e f f i c i e n t  of the  p e r t u r b a t i o n  
i s  r e d u c e d  to  a m i n i m u m ,  and P2 ~ I / R e .  

S i m i l a r  r e s u l t s  w e r e  o b t a i n e d  fo r  the  s e c o n d  b r a n c h  of  the  c u r v e  of  n e u t r a l  s t a b i l i t y .  In th i s  c a s e  the 
wa l l  c o r r u g a t i o n  l e a d s  to  d e s t a b i l i z a t i o n  of the  f low. T h e  c o r r e c t i o n  to the  r i s e  c o e f f i c i e n t  in  the  c a l c u l a t i o n s  
due to  ~02 d id  not  a m o u n t  to m o r e  t han  10% of the  c o r r e c t i o n  due to  ~ t l  in  the  r e g i o n  of the  n e u t r a l  c u r v e .  
A change  in s i gn  of the  c o r r e c t i o n  o c c u r s  in  the  r e g i o n  of  the  m a x i m u m  r i s e  c o e f f i c i e n t s  of  the p e r t u r b a t i o n s .  

The  d e p e n d e n c e  o f  the  c u r v e  of  n e u t r a l  s t a b i l i t y  on r i s  g i v e n  in  F i g .  2 fo r  the s p e c i f i e d  c and (3. 
The  n e u t r a l  c u r v e  f o r  a s m o o t h  wa l l  i s  deno t e d  by  the n u m b e r  1. P e r t u r b a t i o n  of  the  s u r f a c e  by  a m o n o -  
c h r o m a t i c  wave  l e a d s  to  a d i s t o r t i o n  of  the  c u r v e  of n e u t r a l  s t a b i l i t y  in  the  n a r r o w  zone w h e r e  iP0 ~ cB and 
/3 ~ a .  T h e  d i s t o r t i o n s  of  the  n e u t r a l  c u r v e  f o r  t h e  fo l lowing  p a r a m e t e r s  of a wave  t r a v e l l i n g  o v e r  the  wa l l  
a r e  d e n o t e d  b y  the  n u m b e r s  2 and 3: c = 0 . 2 9 6 ,  /3 = 1 0  -4 Re ,  and A C = 3 . 1 0  -3 fo r  ~ = 1 0  -3 and r = 2 . 1 0  -3 , 
r e s p e c t i v e l y ,  and  by  the  n u m b e r  4 f o r  c = 0 .31,  /3 = 0.9 �9 10 -4 Re ,  A c  = 10 -~, and r = 0 . 7 . 1 0  -3. S p e c i f i c a -  
t i o n  of  /3 a c c o r d i n g  to  t h i s  l a w  i n d i c a t e s  t ha t  the  d i m e n s i o n a l  l eng th  of the  wave  t r a v e l l i n g  o v e r  the  wa l l  i s  
p r e s e r v e d  wi th  a change  in  the  n u m b e r  Re.  The  c o r r e c t i o n  to  the  r i s e  c o e f f i c i e n t  i s  a p p r e c i a b l e  only  in  a 
n a r r o w  r a n g e  of Re n u m b e r s  a d j a c e n t  to  the  r e g i o n  of  d i s t o r t i o n  of the n e u t r a l  s t a b i l i t y  c u r v e .  

The  r e s u l t s  of  t h i s  p a p e r  show tha t  the  e f f ec t  of c o r r u g a t i o n  in the  r a n g e  of R e y n o l d s  n u m b e r s  c o n s i d -  
e r e d  (520 ~ Re  ~ 3500) r e d u c e s  upon  s a t i s f a c t i o n  of the cond i t i on  (3.1) to  a d i s t o r t i o n  of the  s t e a d y  v e l o c i t y  
d i s t r i b u t i o n ,  wh ich  l e a d s  to  a change  in  the  s t a b i l i t y  of  the  f low.  S t a b i l i z a t i o n  of the  f low on the l o w e r  b r a n c h  
of the  n e u t r a l  c u r v e  f o r  ~ ~ /3  and A c  << 1 and d e s t a b i l i z a t i o n  on the  u p p e r  b r a n c h  s e e m  n a t u r a l  i f  one r e -  
c a l l s  the  r e s u l t s  of the  n o n l i n e a r  t h e o r y  [5, 6], The  a u t h o r s  a r e  g r a t e f u l  to S. A.  Gaponov,  who p o i n t e d  out  
t h i s  a n a l o g y .  
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